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Introduction

Up until now anytime we needed to connect v, u, a, s or t, we simply used our equations of motion. 
These equations only work however if the acceleration is constant.
In this chapter we will see that the acceleration is not constant and therefore we need to resort to integration to help us.
Before we get into the questions we first need to make sure that we are comfortable manipulating expressions involving natural logs - see below.
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If = y then x = 
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The following scanned sections are taken from Fundamental Applied Maths by Oliver Murphy (old edition)
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Can you get from the first line to the last without looking at the solution?





















Integration
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From http://djm.cc/library/Calculus_Made_Easy_Thompson.pdf
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Revision of integration

[bookmark: _Toc150111658]Commonly asked integrals

	Those in bold can be found on page 26 of the ‘Formula and Tables’ book
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[image: Integration by Parts]
http://xkcd.com/1201/







Reminds me of this one

[image: https://pbs.twimg.com/media/DvCQr9cWwAE1F3b.jpg:large]
[bookmark: _Toc150111659]Exam questions: Part ‘a’s
Note
· Separating the variables: Before integrating you will need to have all terms involving x (and dx) on one side and terms involving y (and dy) on the other.

· Ensure that dy and dx are ‘above the line’ on their respective sides. 

· To do this you may need to first add fractions and if necessary take out common factors. 

· Generally when the question says ‘solve’, the convention is to solve for the variable on top (usually y). Another way of saying this is: “get an expression for y in terms of x”

· Note that for all of these you use limits or constants.
If using constants you will need to use the following: 
If the constant on the left hand side is C1 and the constant on the right hand side is C2, you can replace the constant on the right hand side by C3, where C3 = C2 – C1 (because we never actually need to know the value of C1 or C2, just the value of C2 – C1.

· The question given in 2001 (a) shouldn’t have been asked – it required knowledge of a concept in maths that is not and was not on the leaving cert maths syllabus. So just write it off as an aberration.

2022 Deferred (a) 

(i) Solve the differential equation	 ) = 1 	given that  when .

(ii) If	 	and   when , find the value of y when .


2018 (a) 
If  = 3 sin 3x + cos 5x and y = 1 when x =[image: ], find the value of y when x = [image: ].
Give your answer correct to 2 decimal places.


2013 (a) 
If  			and y = 1 when x = 7, find the value of y when x =14.

2011 (a) 
If  - xy = 7y	and y = 1 when x = 1, find the value of y when x = 2.

2008 (a) 
If [image: ]		and y = 0 when x = 0, find the value of x when [image: ]

2007 (a) 
Solve the differential equation [image: ]		given that y = 1 when x = π/2



2005 (a) 
Solve the differential equation   [image: ]– xy – y = 0     	given that y = 1 when x = 1.

2004 (a) 
Solve the differential equation   [image: ] 		given that y = 5 when x = 1.


2002 (a)  
Solve the differential equation  [image: ]  		given that y = ln 4 when x = 0. 

2000 (a) 
If  [image: ]	and y = 2 when x = e, find, correct to two places of decimals, the positive 									value of y when x = e2.

1999 (a)
Solve the differential equation  	given that v = 0 when x = 1.

1998 (a)
If	 	 		and v = 3  when t = 5,  find the value of v when t = 6.

1997 (a)
If   [image: ]  		and y = 2 when x = 0, find, correct to two places of decimals, the value of y 				when x = 1.

1996 (a)
Solve the differential equation  [image: ]  	if y = e2   when   [image: ]

1995 (a)
Solve the differential equation [image: ]  if x = 0   when y = 1.

1992 (a)
 If  [image: ]   and if  y = 1  when x =[image: ],	find the value of y when x = [image: ].


1989 (a)
Find the solution of the differential equation [image: ]   if y = 1 when x = 1.

1986 (a)
Solve the differential equation  [image: ]  if    y = 3   when   x = 1.

1983 (a)
Find the solution of the differential equation		     	 when y = 2   at    x = [image: ].

1988 (a) - tricky!
Solve the differential equation [image: ] if x = 5 when t = 0.

1994 (a) – tricky!
Solve the differential equation   [image: ]  if y = 1 when   x = 0.
[bookmark: _Toc150111660]
Integration by substitution

Note that from 2012 (when it was taken off the Higher Maths course) to 2022 (after which the syllabus changed again), questions did not require you to know how to use ‘integration by substitution’.
I have included all questions here, regardless of whether or not they require use of this technique.Example 1
Use the method of integration by substitution to show that 

Solution
Let 			du=dx		





Example 2
Use the method of integration by substitution to show that 
Solution
Let 					du=dx	

	=		=			=		

=	


















	The expressions below can be obtained via integration by substitution
You should be familiar with them and be able to show how to obtain them.
Many of these are repetitive – I simply copied them from exam questions so those which come up the most often are obviously the ones you need to be most familiar with.

Most the examples below are variations on the following general rule: 

	
	Answer
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2010 (a)
Solve the differential equation [image: ][image: ]		given that y = 0 when x = 0

2009 (a)
Solve the differential equation    	   given that y = √3 when x =1.

2006 (a) 
Solve the differential equation   [image: ]   		given that y = e when x = 0.

2003 (a)  [image: ]
Solve the differential equation   	    given that y = 1 when x = √2.


1993 (a)
If   [image: ]  and y = 2 when x = 1, find the value of y when x = 2.

1991 (a)
Solve the differential equation [image: ]    if y = 1   when x = 1.

1987 (a)
Solve the differential equation [image: ]     if x = 2   when y = 3

1985 (a)[image: ]
Find the solution of the differential equation   	if y = 0    when  x = 2.


1984 (a)
Find the general solution to [image: ]= g – kv where g and k are constants. Show that lim v [image: ][image: ] 

1982 (a)
(i) Find the solution of the differential equation  [image: ] when y = 2 at x = 1.

1990 (a) – tricky!	
Solve the differential equation  [image: ]  if x = 1 when y = 1.

1981 (a) – tricky!
Solve the differential equation [image: ]	given that y = 2 when x = π/6



[bookmark: _Toc150111662]Second order differential equations

Each of the following involve a second order differential equation. Example: 1982 (a) (ii)
Find the solution of the differential equation when = 1 at t = 0 and s = 0 at t = 0.

To solve you need to proceed as follows: 
Let  		This means 

The question now becomes: 	when v = 1 at t = 0 and s = 0 at t = 0.

Solve as normal to get 		But ,	therefore  

Proceed as normal to solve for s


1980 (a) 
Solve the differential equation  [image: ] given that  [image: ] and x = [image: ] when y = 1.

1977 
(i) Solve the differential equation [image: ]  if  y = [image: ] when x = [image: ]
(ii) Solve the equation      [image: ]    if y = 2      and     [image: ]    when x = 0.

1982 (b) (i)
Find the solution of the differential equation [image: ]when[image: ] = 1 at t = 0 and s = 0 at t = 0.              

1981 (b) (i)
Find the general solution to [image: ] where K is a constant.

1979 (a) 
Solve the differential equation  [image: ]  hence or otherwise solve [image: ]	
where y = 0 when x = 1  and y = 3 when x = e


1978 (a) 
Solve the following differential equations:
(i) [image: ] if y = 0  when  x = 1
(ii) [image: ]  if [image: ]= 1  and  x =  ½   when  y = 1

[bookmark: _Toc150111663]Should I use constants of integration or limits?
It’s (slightly) interesting that the marking schemes usually use constants of integration for part (a) but tend to use limits of integration for part (b).
You can (almost always) use either. 





So you know that the rate of change of displacement with respect to time is called velocity, and the rate of change of velocity with respect to time is called acceleration. 
What about the rate of change of acceleration with respect to time?
Here’s a clue:

[image: Embedded image permalink]











[bookmark: _Toc150111664]Motion expressed in terms of accelerationFor many questions we will use a = 	{links velocity and time}

But we may also need to link velocity and displacement. 

To get an expression for this we do the following:

a = 
a = 			{multiply above and below by ds}


a = 			{rearrange the terms above and below the line}

a = 				{because  }



So we have two expressions for acceleration:

	linking velocity and time
	linking velocity and displacement

	a = 
	 	


	





ALWAYS REMEMBER: IF IT CHANGES, INTEGRATE IT!!



Note: 




[bookmark: _Toc150111665]acceleration is proportional to the square of the speed

Here the term ‘retardation’ is used to mean ‘deceleration’

***********************************************************************************
a ∝ -v2
a = - k v2
Usually we can take one expression for a and use it to find k, then use the other expression for a to find what we’re looking for.

***********************************************************************************

1992 (b)
A particle experiences a retardation of kv m/s2 when its velocity is v m/s. Its velocity is reduced from its initial value of 210 m/s to 70 m/s in 0.5 s and it travels a distance x m in this time.

(i) Find the value of k and deduce an expression for the velocity at any time t.
(ii) Calculate the value of x.


1989 (b)
A cyclist, free-wheeling on a straight level road, experiences a retardation which is proportional to the square of his speed. 
His speed is reduced from 6 m/s to 3 m/s in a distance of 35 m. 
Show that the average speed during this period is 6ln2.


1984 (b)
A car, free-wheeling on a straight road, experiences a retardation which is proportional to the square of its speed. 
Its speed is reduced from 20 m/s to 10 m/s in a distance of 100 m. 
Calculate the time taken to travel the 100 m.









[bookmark: _Toc150111666]General acceleration questions
1979 (b)
A body is moving in a straight line subject to a deceleration which is equal to [image: ], where v is the velocity. The initial velocity is 5 m/s.  
In how many seconds will the velocity of the body be 2 m/s and how far will it travel in that time?


1997 (b)
A particle moves in a straight line and undergoes a retardation of 0.04v3 m/s2, where v is its speed.
(i) If the initial speed of the particle is 25m/s, find its speed when it has travelled a distance of 49 m.
(ii) Find the time for the speed to reduce from 25m/s to 15m/s.


2002 (b) 
A particle starts from rest and moves in a horizontal line. 
Its speed v at time t is given by the equation   [image: ].
(i) Find the time taken for the speed of the particle to increase from 25 m/s to 75 m/s.

(ii) How far does the particle travel in going from rest to a speed of 75 m/s? 

(iii) Determine the limiting speed, v1 of the particle (that is v → v1  as t → ∞ ).


1980 (b)
A car starts from rest. 
When it is at a distance s from its starting point, its speed is v and its acceleration is 5 – v2.  
Show that vdv = (5 – v2) ds and find as accurately as the tables allow its speed when s = 1.5.


2010 (b) {arithmetic is unwieldy}
The acceleration of a cyclist freewheeling down a slight hill is 0.12 – 0.0006v2 m s-2 where the velocity v is in metres per second.
The cyclist starts from rest at the top of the hill.
Find 
(i) the speed of the cyclist after travelling 120 m down the hill
(ii) the time taken by the cyclist to travel the 120 m if his average speed is 2.65 m s-1.


2000 (b) 
The deceleration of a particle moving in a straight line with speed v m/s has magnitude [image: ] m/s2. 
The particle has an initial speed of 6 m/s.
(i) Find the time t1 for the speed to decrease to 3 m/s.
(ii) Find the time t2 for the particle to come to rest.
(iii) Deduce that[image: ].


2007 (b) 
The acceleration of a racing car at a speed of v m/s is  m s-2.
The car starts from rest.
Calculate correct to two decimal places
(i) the speed of the car when it has travelled 1500 m from rest
(ii) the maximum speed of the car.


2017 (a) {last part tricky}
A particle starts from rest and moves in a straight line with acceleration (25 – 10v) m s–2, where v is the speed of the particle.
(i) After time t, find v in terms of t. 

(ii) Find the time taken to acquire a speed of 2∙25 m s–1 and find the distance travelled in this time.


2011 (b) {difficult}
A particle travelling in a straight line has a deceleration of  m s-2 where v is its speed at any time t.

If its initial speed is 40 m s-1, find
(i) the distance travelled before it comes to rest
(ii) the average speed of the particle during the motion.




[bookmark: _Toc150111667]Linking displacement and time

To do this you must first use either    or  		(to link v & t or v & s)

Then substitute  for v and continue
1998 (b)
A particle moves in a straight line. The initial speed is u and the retardation is kv3, where v is the speed at the time t. If s is the distance travelled in time t, prove 
(i) [image: ]

[image: ]

1982 (b)
A particle moves in a straight line with acceleration equal to minus the square of its velocity. 
If its initial velocity is 1 m/s, calculate the distance travelled one second later.


1981 (b)
A particle moves in a straight line so that at any instant its acceleration is, in magnitude, half its velocity.                                                                                                                                                          If its initial velocity is 3 m/s, find an expression for the distance it describes in the fifth second.


2022 Deferred (b) 
A particle is projected horizontally along a smooth horizontal surface with initial speed 80 m s−1. 
The particle has a retardation of   m s−2, where 𝑣 is the speed.
Find
(i) the speed of the particle after t seconds
(ii) the distance travelled in t seconds
(iii) the speed 𝑣 in terms of the distance travelled, s.


2022 (a)
A particle moves in a horizontal line such that its speed 𝑣 at time 𝑡 is given by the differential equation 
[image: A picture containing icon

Description automatically generated]

(i) Given that 𝑣 = 2 when t = 0, find an expression for 𝑣 in terms of 𝑡. 
(ii) Find the minimum value of 𝑣. 
(iii) Find the distance travelled by the particle before it attains its minimum speed.


2020 Question 10 (b)
A particle P travelling in a straight line has a deceleration of 4vn+1 m s–2, where n (> 0) is a constant and v is its speed at time t (> 0).

P has an initial speed of u.
(i) Find an expression for v in terms of u, n and t.
(ii) When n = 3 obtain an expression for the speed of P when it has travelled a distance of 3 m from its initial position.


2019 (a)
A particle P moves along a straight line.   
The speed of P at time 𝑡 is 𝑣, where 𝑣=𝑎𝑡2 +𝑏𝑡+𝑐 and 𝑎,𝑏 and 𝑐 are constants.  
The initial speed of the particle is 15 m s-1.  
After 2∙5 seconds the particle reaches its minimum speed of 2∙5 m s-1.   
Find 
(i) the value of 𝑎, the value of 𝑏, and the value of 𝑐 
(ii) the acceleration of P when 𝑡 = 4 seconds 
(iii) the distance travelled by P in the third second of the motion. 


2016 (a)
At time t seconds the acceleration a m s–2 of a particle, P, is given by a = 8t + 4.
At t = 0, P passes through a fixed point with velocity −24 m s–1.
(i) Show that P changes its direction of motion only once in the subsequent motion.
(ii) Find the distance travelled by P between t = 0 and t = 3.


2016 (b)
A particle moves along a straight line in such a way that its acceleration is always directed towards a fixed point O on the line, and is proportional to its displacement from that point.
The displacement of the particle from O at time t is x.

The equation of motion is x

where v is the velocity of the particle at time t and ω is a constant.
The particle starts from rest at a point P, a distance A from O.
Derive an expression for
(i) v in terms of A, ω and x
(ii) x in terms of A, ω and t.


2015 (a) 
Two cars, A and B, start from rest at O and begin to travel in the same direction.
The speeds of the cars are given by vA = t2 and vB = 6t ‒ 0.5t2, where vA and vB are measured in m s–1 and t is the time in seconds measured from the instant when the cars started moving.
(i) Find the speed of each car after 4 seconds.
(ii) Find the distance between the cars after 4 seconds.
(iii) On the same speed-time graph, sketch the speed of A and the speed of B for the first 4 seconds and shade in the area that represents the distance between the cars after 4 seconds.


2014 (b) 
A particle moves in a straight line with an acceleration of (2t – 3) m s–2 at time t seconds. 
At time t = 0 the particle has velocity of 2 m s–1 and displacement of 1 m relative to a fixed point O on the line. 
Find
(i) the times when the particle changes direction
(ii) an expression for the displacement of the particle from O at time t
(iii) the total distance travelled in the first 2 seconds.




2014 (a)
A particle moving in a straight line experiences a retardation of 0.7v3 m s–2, where v m s–1 is its speed.
It takes 0.04 seconds to reduce its speed from an initial value of 200 m s–1 to v1 m s–1.
Find 
(i) the value of v1
(ii) the distance travelled during this 0.04 seconds.


2013 (b)
A particle starts from rest at O at time t = 0. It travels along a straight line with acceleration (24t −16) m s−2, where t is the time measured from the instant when the particle is at O. 
Find 
(i) its velocity and its distance from O at time t = 3 
(ii) the value of t when the speed of the particle is 80 m s−1.


2006 (b)
The acceleration of a particle moving horizontally in a straight line is away from a fixed point o, where x is its distance from o. The particle starts from rest at x = 1. 
(i) Calculate the velocity of the particle when.
(ii) Calculate the time that it takes the particle to reach a point 2 metres from o.





Motion expressed in terms of forces

***********************************************************************************
Either all terms must represent an acceleration or a force, but you cannot mix them.

If the right hand side is expressed as a (net) force then the term on the left hand side must be expressed as a force (e.g. mdv/dt).
Sometimes it’s not obvious whether a term in the question is an acceleration or a force; look at the units to help you.

If the resistance is expressed as kv2 N per unit mass then mathematically the resistive force = - mkv2 (it is a force).

***********************************************************************************

ALWAYS REMEMBER: IF IT MOVES, INTEGRATE IT!!

***********************************************************************************

1986 (b) 
A particle moves in a straight line in a medium whose resistance is proportional to the cube of its speed. 
No other force acts on the body.  
The speed falls from 15 m/s to 7.5 m/s in a time of t seconds.                                                                                      Show that the distance travelled in this time is 10t m.


1991 (b) 
A particle is projected in a straight line from a fixed point with velocity u at time t = 0.  It is opposed by a resistance kvn per unit mass. If s is the displacement at time t prove that [image: ]when v = 0 is n < 1.

1988 (b) 
A particle of mass m is projected vertically upwards with speed 120 m/s in a medium where there is a resistance of 0.098v2 per unit mass of the particle when v is the speed. 
Calculate the time taken to reach the highest point.


1983 (b) 
A particle of mass 8 kg moves along a line (the x-axis) on a smooth horizontal plane under the action of a force in newtons of  (40 – 3) i where i is the unit vector along the axis and x is the displacement of the particle from a fixed point o of the axis. 
If the particle starts from rest at o, find its speed when x = 100 and calculate when it next comes to instantaneous rest. 

1974 
A particle of mass 0·1 kg falls vertically from rest under gravity in a medium which exerts a resisting force of magnitude 0·02v newtons when the speed of the particle is v m/s. 
(i) Show that    v = 49[image: ]  and find  

(ii) Find an expression for the distance travelled in time t seconds. 

1976 {straightforward approach, algebra is a bit cumbersome}
An atomic nucleus of mass M is repelled from a fixed point o by a force M k2x-5, where x is the distance of the nucleus from o and k is a constant. 
It is projected directly towards o with speed [image: ] from a point a where |oa| = d. 
Find the speed of the nucleus when if reaches the midpoint of oa and find how near it gets to o.


2012 (b)
A particle of mass m is fired horizontally through a block of resistive gel. 
The resistance to motion is mkv2 N when v m s–1 is the speed. 
The particle enters the gel at a speed of 1000 m s–1 and  seconds later exits the gel at a speed of 10 m s–1.
(i) Show that k =  
(ii) Show that the length of the block of gel is  ln100 m.


1985 (b)
A particle of mass m moves in a straight line. 
The only force acting on it being a resistance mkv2, where v is its speed and k is a constant.  
It is initially projected from the point o with speed u. 
When the particle reaches a point p on the line its speed is u/3.                                               
(i) Show that the average speed between o and p is ½ uln3. 
(ii) Find the speed of the particle when it is at the midpoint of [op].


1995 (b) {Part (ii) is tricky (but at least it’s short)}
A particle of mass m falls from rest against air resistance of mkv, where k is constant and v is the speed. Prove that
(i) the time taken to acquire a speed of [image: ] is  [image: ]
(ii) the speed of the particle tends to a limit [image: ]


1978 (b)
A particle of mass m is acted on by a force  directed away from a fixed point O, where x is the distance of the particle from O.  
The particle starts from rest at a distance d from O. 
Show that the velocity of the particle tends to a limit[image: ].




2001 (b) 
A car of mass m kg is travelling along a level road. The resistance to motion is mkv2 N, where v m/s is the speed. When the car is travelling at 14 m/s, the engine cuts out. 
Ten seconds after the engine cuts out, the speed of the car is 7 m/s. 
(i) Show that k =[image: ].
(ii) The car travels a distance of s metres in the first T seconds after the engine cuts out. 
Show that  [image: ]

1993 (b)
A particle starts with a speed of 20 m/s and moves in a straight line. 
The particle is subjected to a resistance which produces a retardation which is initially 8 m/s2 and which increases uniformly with the distance moved, having a value of 9 m/s2 when the particle has moved a distance 5 m.
If v m/s is the speed of the particle when it has moved a distance x m 
(i) prove that, while the particle is in motion [image: ]
(ii) Calculate the distance moved by the particle in coming to rest.


1990 (b)
A particle of mass 8 kg starts from rest and is acted on by a force which increases uniformly in 10 s from zero to 16 N.
(i) Prove that t seconds after the particle begins to move, its acceleration is [image: ] m/s2.
(ii) Prove that, when the particle has moved x m, its speed is v m/s, where 10v3 = 9x2.


2019 (b)
A particle, of mass 𝑚 falls vertically downwards under gravity.     
At time 𝑡, the particle has speed 𝑣 and it experiences a resistance force of magnitude 𝑘𝑚𝑣, where 𝑘 is a constant.     
The initial speed of the particle is 𝑢.   
(i) Show that 𝑣 = , at time 𝑡.  
(ii) If 𝑢=9∙8 m s-1 and 𝑘=0∙98 s-1, find the distance travelled by the particle in 4 seconds.   


2017 (b) {difficult}
A spacecraft P of mass m moves in a straight line towards O, the centre of the earth.[image: ]
The radius of the earth is R.
When P is a distance x from O, the force exerted by the earth on P is directed towards O and has magnitude , where k is a constant.

(i) Show that k = mgR2.
(ii) P starts from rest when its distance from O is 5R.
Find, in terms of R, the speed of P as it hits the surface of the earth, given that air resistance can be ignored.




1975
The force of attraction of the earth on a particle of mass M distance x from the centre of the earth is[image: ], where a is the radius of the earth [image: ]. 
Write down the equation of motion for a particle moving under this force alone and calculate the speed of the particle at distance x if it was projected vertically upwards from the earth’s surface with speed [image: ]. 
Prove that the time taken to reach a height 3a above the earth’s surface is [image: ].



[bookmark: _Toc150111668]Work done by a variable force

Note: for part (iii) you can’t use W = F.s because the force is not constant.
You can’t use PE + KE = constant because there is an external force in this context.
You have to use what is known as The Work-Energy theorem which states that the total work done is equal to its change in kinetic energy.


2005 (b) 
A mass of 9 kg is suspended at the lower end of a light vertical rope.
Initially the mass is at rest. The mass is pulled up vertically with an initial pull on the rope of 137.2 N.
The pull diminishes uniformly at the rate of 1 N for each metre through which the mass is raised.
(i) Show that the resultant upward force on the mass when it is x metres above its initial position is 49 − x.

(ii) Find the speed of the mass when it has been raised 15 metres.

(iii) Find the work done by the pull on the rope when the mass has been raised by 15 m.



[bookmark: _Toc150111669]Power, force and velocity
Work = Force × displacement
W = F.s	(now divide both sides by t)
P = F.v 


2021 (a) 
A car of mass 1200 kg starts from rest and travels along a straight horizontal road.
The engine of the car exerts a constant power of 3000 W.
If there is no resistance to the motion of the car, find
(i) the speed of the car after 3 minutes
(ii) the average speed of the car during this time.


1994 (b) 
A car of mass 1000 kg moves with velocity v m s-1 along a horizontal road against a constant resistance of 1500 N. 
The engine is working at a constant rate of 75 kW.
(i) Show that the acceleration of the car is [image: ] m s-2.
(ii) Calculate, correct to two decimal places, the time taken by the car to increase its speed from 0 m s-1 to 25 m s-1.


2003 (b) 
A car of mass 490 kg moves along a straight level horizontal road against a resistance of 70v N, where v m/s is the speed of the car. The engine exerts a constant power of 63 kW.
(i) Show that the equation of motion is   [image: ].
(ii) Calculate, correct to two decimal places, the time it takes the car to increase its speed from 10 m s-1 to 20 m s-1.


2008 (b) {a little trickier than the previous question - 2003 (b)}
A train of mass 200 tonnes moves along a straight level track against a resistance of 400v2, where v m s-1 is the speed of the train.
The engine exerts a constant power of P kW.
The acceleration of the train is [image: ].
(i) Find the value of P.
(ii) The train travels a distance 69.07 m while its speed increases from 10 m s-1 to v1 m s-1. 
Find the value of v1.








1987 (b) {very tricky}
The resistance to motion of a train of mass m is constant and equal to 60 N per tonne. 
When moving with constant speed 16 m/s on a level line the train begins to ascend an incline of 1 in 98, i.e. sin-1(1/98). 
(i) Assuming that the engine continues to work at the same rate (ie power is constant) and that v m/s is the speed of the train up the incline t seconds after the train has begun to climb, show the equation of motion is   [image: ]                                                                           
(ii) Calculate the time which elapses before the velocity falls to 12 m/s. 


[bookmark: _Toc150111670]Difficult/very difficult questions
1999 (b) {difficult}
The rocket engine of a 12 tonne missile produces a thrust of 180.1 kN. 
The missile is launched in a vertical direction. The air resistance is v2 N where v is the speed of the missile.
(i) Find the speed of the missile after 30 seconds.
(ii) Find the percentage error in this speed if air resistance is ignored.


1996 (b) {difficult}
A particle of mass m is projected vertically upwards with a velocity v of [image: ], the air resistance being kv2 per unit mass. Prove
(i) the greatest height reached by the particle is [image: ]
(ii) the velocity of the particle when passing through the point of projection on the way down is [image: ]

2009 (b) {integration for part (ii) is ridiculous}
A particle of mass m is projected vertically upwards with speed u. The air resistance is kv2 per unit mass when the speed is v.
The maximum height reached by the particle is ln (4/(2k)). 
(i) Find the value of u in terms of k.

(ii) Find the value of k if the time to reach the greatest height is π/3 seconds.


2004 (b) {Part (ii) is ridiculous}
A particle is projected vertically upwards with an initial speed of 2g m/s in a medium in which there is a resistance kv2 N per unit mass where v is the speed of the particle and k is a constant, where k > 0.
(i) Prove that the maximum height reached is [image: ]
(ii) If the speed of the particle is g m/s when it has reached half its maximum height, find the value of k.






[bookmark: _Toc150111671]Applying differential equations to non-mechanics questions

There has been a distinct shift in emphasis in the Differential Equations questions in recent years. Whereas in the past the questions dealt exclusively with mechanics (velocity and acceleration), they have now started to include other applications, like financial maths and population growth.
Expect something similar vein this year.

***********************************************************************************

GENERAL RULE OF THUMB: IF IT CHANGES, INTEGRATE IT!!



2018 (b) 
If there were no emigration, the population x of a certain county would increase at a constant rate of 2·5% per annum. By emigration the county loses population at a constant rate of n people per annum.
When the time is measured in years then 
(i) If initially the population is P people, find in terms of n, P and t, the population after t years.
(ii) Given that n = 800 and P = 30 000, find the value of t when the population is 29 734.


2013 (c)
Water flows from a tank at a rate proportional to the volume of water remaining in the tank. 
The tank is initially full and after one hour it is half full.
After how many more minutes will it be one-fifth full?


2012 (a) 
Newton’s law of cooling states that ‘the rate of cooling of a body is proportional to the difference between the temperature of a body and the temperature of its surroundings.’ 
If θ is the difference between the temperature of a body and the temperature of its surroundings then

A body cools from 80° C to 60° C in 10 minutes. 
The temperature of the surroundings is maintained at 20° C. 
Find
(i) the value of k
(ii) the temperature of the body after a further 15 minutes.


2015 (b)
A company uses a cost function C(x) to estimate the cost of producing x items.
The cost function is given by the equation C(x) = F + V(x) where F is the estimate of all fixed costs and V(x) is the estimate of the variable costs (energy, materials, etc.) of producing x items.

 = M(x) is the marginal cost, the cost of producing one more item.
A certain company has a marginal cost function given by M(x) = 74 +1.1x + 0.03x2.
(i) Find the cost function, C(x).
(ii) Find the increase in cost if the company decides to produce 160 items instead of 120.
(iii) If C(10) = 3500, find the fixed costs.

2020 (a)
One method of dyeing a piece of cloth is to immerse it in a container which has P grams of dye dissolved in a fixed volume of water.
The cloth absorbs the dye at a rate proportional to the mass of dye remaining.

where t is time in seconds, x is the mass of dye absorbed by the cloth and k = .

(i) Find the time taken to dye a piece of cloth if a mass of  𝑃 needs to be absorbed to reach the desired colour.
(Note: )

(ii) An alternative method is to keep the mass of dye present in the water constant at P grams by continuously adding dye throughout the process.
Find the time taken to dye the piece of cloth to the desired colour using this method.


2021 (b) 
𝑃, the population of insects in a region, grows at a rate that is proportional to the current population.

where 𝑘 is a positive constant. In the absence of any outside factors the population will triple in 15 days.

(i) Find the value of 𝑘.

(ii) A scientist begins to remove 10 insects from the population each day.
If there are initially 120 insects in the region the population will not survive.
After how many days will the population die out?


2022 (b)
The rate of decay at any instant of a radioactive substance is proportional to the amount of the substance remaining at that instant.  The initial amount of the radioactive substance is 𝑁 and the amount remaining after time 𝑡 (hours) is 𝑥. 
(i) Prove that 𝑥 = Ne-kt, where 𝑘 is a constant. 
(ii) If the initial amount 𝑁 was reduced to  in 14 hours, find the value of 𝑘. 
(iii) If the amount remaining is reduced from  to   in 𝑡 hours, find the value of 𝑡.



[bookmark: _Toc150111672]Guide to answering the exam questions
2011 (a) 
(i) Straightforward once you figured out how to rearrange the terms to solve the integration. 
Answer: distance = 44.63 m
(ii) Straightforward. Answer: average speed = 19.24 m s-1

2011 (b) 

2010 (a)[image: ]
Straightforward. Answer: 

2010 (b)
(i) Straightforward to set up but the differentiation is difficult.
Answer: v = 5.18 m s-1
(ii) Straightforward. Answer: t = 45.3 s

2009 (a)
Straightforward. Answer: y = √(4x2 – 1)

2009 (b)
(i) Care needs to be taken with the integration and algebra, but it’s nothing that hasn’t been seen before and is fairly straightforward. Answer: u = √(3g/k)
(ii) This time you are given a time so you must go back to the start and use dv/dt. The integration this time is particularly nasty. Solve to get k = 1/g.

2008 (a)
Easy peasy. Ans: x = 1.

2008 (b)
(i) You need to know that Force = Power/velocity. 
Ans: P = 3200 Watts
(ii) Straightforward.
Ans: v = 15 m s-1.

2007 (a)
Easy peasy. Ans: y = 1/(1+ Cos x)

2007 (b)
(i) Need to use integration by substitution.
Ans: v = 44.12 m/s
(ii) Easy peasy if you remember that at maximum speed the acceleration will be zero, so use this.
Ans: v = 56.57 m/s.

2006 (a)
Need to use long division.
Ans: y = ex-ln(1+x)+1

2006 (b)
(i) Easy peasy. Ans: v = 0.66 m/s.
(ii) There is no expression that links time and distance so we need to first get an expression that links velocity and distance (which we already have from part (i)), from that we get v = √((x2 – 1)/x2). Now substitute dx/dt for v and finish.
Ans: t = 1.73 seconds.
2005 (a)
Easy peasy. Ans: y = ex + ln x -1

2005 (b)
(i) Easy if you’ve come across it before, not so easy if you haven’t. For every  metre that the mass is raised the force will decrease by 1 Newton, so after x metres it will have decreased by x Newtons. So begin with Force = 137.2 – x – 9g and simplify to get the desired answer.
(ii) Straightforward. v = 11.76 m/s.
(iii) It’s not a concept we come across regularly (but we should – it also came up under Rigid Body Motion 2002 (b)); the energy something has is equivalent to the work done on it. So in this case to calculate the work done we need to calculate the energy which the mass has. The marking scheme uses the Kinetic Energy gained, but I don’t understand why you don’t also add the Potential Energy gained. On the likelihood that I am missing something we will go with their answer. If you can explain it please get back to me.
Ans: Work done = 622.5 J

2004 (a)
Straightforward. Ans: y = e-(1/x)+1

2004 (b)
(i) Straightforward, but involves quite a bit of algebra to get the desired expression.
(ii) Start off the same as for the previous part, but the limits for x are now h/2 and h, and the limits for v are 2g and g. Even more algebra this time.
Ans: k = 2/g.

2003 (a)
Straightforward. Ans: y = (2x2 – 3)1/4 

2003 (b)
(i) Remember that Force = Power/velocity and the rest should follow.
(ii) Straight-forward. Ans: t = 1.65 seconds.

2002 (a)
Straight-forward. Ans: y = ln(ex + 3)

2002 (b)
(i) Straight-forward. Ans: t = 1.1 seconds.
(ii) Straight-forward. Ans: x = 63.63 m.
(iii) Acceleration = 0, so v = 100 m.

2001 (a)
Apparently this question shouldn’t have got asked because the maths is not on the leaving cert honours syllabus.

2001 (b)
(i) Straightforward.
(ii) You can’t link s and t directly, so you must first use v dv/ds as before to get v = 14 e-ks and then substitute ds/dt for v and continue.
Ans: s = 140 ln(1+T/10)

2000 (a)
Straightforward. y = 2.32


2000 (b)
(i) Straightforward. Answer: t1 = 1.5(1/√e – 1/e)
(ii) Straightforward. Answer: t2 = 1.5(1 – 1/e)
(iii) Straightforward, albeit with some tricky algebra. 

1999 (a)
(i) Straightforward once you can deal with the integration; 1/(v2 + 1) becomes tan-1 v.
(ii) Answer: v = tan(ln x/7)

1999 (b)
Some quite tricky parts here.
(i) Set it up as normal (draw a diagram to help you identify all forces) then use F(net) = ma.
Note that 180.1 kN = 180100 Newtons and 12 tonne = 12000 g, so you get 180100 – 12000 g – v2 = 12000 dv/dt
Now use the fact that (180100 – 12000 g) = 62500 which in turn (and here’s the tricky bit) = 2502.
Next use log tables to help you integrate, but if you’ve got this far you should be well able to bring it on home.
Answer: v = 138.64 m/s.
(ii) If air resistance is omitted then you can simply use equations of motion rather than differential equations (after all, air resistance is the only reason that we need this chapter in the first place). This gives a new value for v of 156.26 m/s.
Now you must also know that the formula for percentage error is “error/correct value, all multiplied by 100”.
Answer: percentage error = 12.7 % 

1998 (a)
Straightforward

1998 (b)
(i) Straightforward – nice question actually
(ii) Straightforward

1997 (a)
Straightforward
Answer: y = 0.82 

1997 (b)
(i) Straightforward
Answer: v = 0.5 m/s
(ii) Straightforward
Answer: t = 0.035 seconds

1996 (a)
Straightforward
Answer: y = e4 sin x

1996 (b)
(i) Tricky integration to begin with, then tricky algebra with logs.
(ii) The question is basically asking you to find v when x = ln3/2k. Remember that for the equation at the beginning mg will be positive while the air resistance will be negative.




[bookmark: _Toc150068450][bookmark: _Toc150068733][bookmark: _Toc150111673]Differential equation questions from 2023 and Sample Paper: Ordinary level and Higher level

Sample Paper HL Question 7 (a)
Derive an expression for the work done when a spring of elastic constant 𝑘 N m–1 is stretched by 𝑥 m.


2023 HL 2023 Question 1 (b)
A particle moving along a straight line has velocity , .
(i) Using integration by parts or otherwise, derive an expression for 𝑠(𝑡), the displacement of the particle at any time 𝑡, given that 𝑠(0) = 0.
(ii) Calculate 𝑠(3).


Sample Paper HL Question 3 (a)  
A particle has initial displacement 𝑠0 from a fixed point 𝑃.  
It moves away from 𝑃 with initial velocity 𝑢 and constant acceleration .

Use calculus to derive an expression for 𝑠, the displacement of the particle from 𝑃 at any time 𝑡.


2023 HL Question 4
A ball of mass 𝑚 kg is projected with initial velocity 15 m s–1 vertically downwards into a tank of water. The ball travels through the water against an upward buoyancy force that is 4 times the magnitude of the weight of the ball and a drag force of 𝑚𝑣2 N.
(i) Draw a diagram to show the forces acting on the ball while it is moving downwards through the water.

(ii) Show that, while the ball is moving downwards, the rate of change of its velocity 𝑣 with respect to its distance 𝑠 below the surface of the water can be expressed by the differential equation:


(iii) Solve this differential equation to find an expression for 𝑣 in terms of 𝑠.

(iv) The ball is at its maximum depth, 𝐷, when 𝑣 = 0. Calculate 𝐷.

(v) After reaching its maximum depth the ball changes direction and begins to move upwards through the water.
Draw a diagram to show the forces acting on the ball while it is moving upwards through the water.

(vi) Write down a differential equation for the rate of change of the velocity 𝑣 of the ball while it moves upwards through the water.




2023 HL Question 7 (b)
A learning curve is a graphical representation of how a person’s ability to perform a certain task increases with the time the person spends learning or practicing that task.
A student wishes to be able to spell 2000 difficult words. The rate of the student’s learning may be modelled by the differential equation:


where 𝑁(𝑡) is number of these words the student is able to spell after 𝑡 hours of learning, and where 𝑘 is a positive constant.
At the start of their learning the student is already able to spell 250 of these words, i.e. 𝑁(0) = 250.

(i) Solve the differential equation to find an expression for 𝑁 in terms of 𝑘 and 𝑡.

(ii) After 6 hours of learning, the student is able to spell 1500 of these words. Calculate 𝑘.

(iii) Sketch the shape of a graph of 𝑁 against 𝑡 to show the model’s prediction for the student’s learning curve.

(iv) After 6 hours of learning, the student is able to spell 1500 of these words. Calculate 𝑘.

(v) Sketch the shape of a graph of 𝑁 against 𝑡 to show the model’s prediction for the student’s learning curve.
[image: ]

























Sample Paper HL Question 5 (b) 
A rumour may be spread when a person who has heard the rumour interacts with a person who has not heard the rumour. 
Therefore, the rate of spread of a rumour within a group can be modelled as being proportional to the product of the number of people in the group who have heard the rumour and the number of people in the group who have not heard it. 
A student models the rate at which a certain rumour spreads within a school population of 1200 students using the differential equation: 

where 𝑅(t) is the number of students of that school who have heard the rumour at time 𝑡, measured in days, and where 𝑘 is a positive constant. 
On Monday morning (𝑡 = 100), 100 students had heard the rumour. 

(i) Solve the differential equation to find an expression that relates 𝑅, 𝑘 and 𝑡. 

Note that 

(ii) By Wednesday morning 250 students had heard the rumour.  Calculate the value of 𝑘.

(iii) Sketch the shape of a graph of 𝑅 against 𝑡 to show how the model predicts the spread of the  rumour.
[image: ]
Sample Paper HL Question 8 
{This question has been edited as the original question required students to use both difference equations and differential equations to solve}.

A group of scientists are investigating the population, 𝑃, of rabbits on a certain island.  They estimate that there are 8000 rabbits on the island and that the population is growing at a constant rate of 3% per year. 
The scientists plan to remove a number of rabbits from the island every year, to help populate another habitat.  They develop mathematical models to predict how 𝑃 will change if 𝐵 rabbits are removed from the island every year. 

The model which the scientists develop uses a differential equation to express the rate of change of 𝑃 with respect to 𝑛, time measured in years. 
The differential equation is: 


where 𝑛 0, 𝑛∈ℤ and 𝑃0 = 8000. 

(i) Solve this differential equation to find an expression for 𝑃 in terms of 𝑛 and 𝐵.

The scientists want to know what each model predicts the rabbit population on the island will be after 50 years, if 200 rabbits are removed each year. 
(ii) Calculate 𝑃50 using this model when 𝐵 = 200.
(iii) This model makes an assumption about the removal of the rabbits from the island.  
What is that assumption?
(iv) The scientists want to know what value of 𝐵 should be chosen so as to keep the rabbit population on the island constant.  Calculate this value of 𝐵 using this model.


[bookmark: _Toc150066633][bookmark: _Toc150111674]Integration and differentiation

Sample Paper HL Question 6 
A learner driver is practising driving around a roundabout.

[image: ]


The motion of the car may be modelled as horizontal circular motion around centre 𝑂, with radius 𝑟 and constant angular speed 𝜔, as in the diagram above. 
(i) Write an expression for , the displacement of the car relative to 𝑂 at any time 𝑡, in terms of 𝑟, 𝜔 and 𝑡.  
Your expression should use the unit vectors 𝚤⃗ and 𝚥⃗. 
Note that t = 0 when 𝑠⃗ is along the 𝚤⃗ axis.

(ii) Derive an expression for 𝑣⃗, the velocity of the car at any time 𝑡.

(iii) Use a dot product calculation to show that the car’s velocity and displacement are always perpendicular to each other.

(iv) Show that the acceleration of the car is always directed towards 𝑂.

(v) Derive an expression for the maximum velocity the car could have as it travels around the roundabout, without slipping.  Your expression should be written in terms of 𝑟, 𝑔 and 𝜇, the coefficient of friction between the car and the road.

(vi) Use dimensional analysis to show that the units for the expression you derived in part (v) are equivalent to the units for velocity.

(vii) Do you think the assumptions made in developing this model were appropriate?  
Explain your answer.






1

image87.png
v \dv 4
—+—=0
(v—6jdt 25




image88.png




image89.png
In3




image90.png
3k




image91.png




image92.png




image93.png
15 20 25 30

¢ (hours)

10

00¥Z

0002

0091

00Z1
(spaom) N

008

00¥





image94.png
20 25

15
t (days)

10

00zt

0001

008

009
(s3uapnis) y

00%

00Z





image95.png




image1.jpg
IT'S NOT ROCKET,
SCIENCE! @/
(OH WAIT, YES IT IS))




image2.png
‘Wite as one log:

@) log.7+log. 3
(ii) log.7~log. 3
(i) 2log.7~3log. 3

@) log.7+210g.3





image3.png
Solve for x:

@ log.Ve=x

@) log.x=0

(i) 2log.x=log. 5
@) log.x=2+log.3
=7

Solution:
® lo..ﬁ-x?e’=~/;$x=%

(@ log.x=0>e"=x>ux =1 (Note: this means that log, 1=0}
@) 2log.x=log. 5> log. x?=log. 5> X’ =5>x =5

hg.x=2+log,3:}lag,,':*logt3=Z:>|og..§=2
Si=esx=3a

<% and e* are inverse functions of each other. It foilows that
z end log(e)=x.




image4.png
Write as one log:
@ log.4+log.3
i) log, 6~log, 7
(i) 2log, 3+3log, 2
(iv) Slog,2-2log, 5 .

1 1
@) jlog. 4+7log, 27

2 1
) 5log. 64—z log, 64

2log. 10+log. 6~3log, 4
(viii) log. * +log, z




image5.png
() 3lo8. x=los. 7 +ioz. 2
2. Solve for x:
(“ m"ll
=2
i) “’l-(%)-x @) log.Ve=x
V) ewi=8
o0 lopled=x
) ewinx

i P .





image6.jpg
“[sworademy asisauj sie “Sof

.Im-m PSog » 7 P80y + ¢ "800y - m.\,onoﬂ =7 807 ¢ § tﬂlﬁ

x
= . x "toy = x "%0

£
.7.E .5 i v
(gp"%1 - v ger ogT) o1

= yg *801 - g S0y + gp1 "Sey .y "NO1 ¢ - §
)

l,

‘2 7801 = 4 "oy g "Nor = )
‘9 Uuou = co8oy + N..bn - %sﬁ #8071 + *a oda— *« it

€L tond

? r—

- MM-: - 2g "So1 = ¢ "Nor - 1 "Soy = ¢ "Sep 2 = ¢ "oy g (rW)

‘2t "801 = g 8oy + g "Boy = et "oy ¢+ 40 "Soy = 2 "Sor g+ ¢ oy 7 (V1D

.Mn -uo,n . .Oﬂ~ - Q cdo_n (1)
21 *Sor = ¢ *Boy ¢ p *Bor (1) I

B S T
(T 3stoJaXd




image7.png
CHAPTER L

TO DELIVER YOU FROM THE PRELIMINARY
TERRORS.

Tae preliminaty terror, which chokes off most fifth-
form boys from even attempting to learn how to
calculate, can be abolished once for all by simply stating
what is the meaning—in common-sense terms—of the
two principal symbols that are used in calculating.

These dreadful symbols are:

(1) @ which merely means “a little bit of.”

Thus dar means a little bit of &; or du means a
little bit of w Ordinary mathematicians think it
‘more polite to say “an element of,” instead of  a little
bit of” Just as you please. But you will find that
these little bits (or elements) may be considered to be
indefinitely small.

@ 1[ which is merely a long §, and may be called
(if you like) “the sum of.”

Thus [do means the sum of al the litle bits
of a; or jdt means the sum of all the little bits

of . Ordinary mathematicians call this symbol “the
onn "
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intogral of” Now any fool can seo that if @ is
considered as made up of a lot of little bits, each of
which is called dz, if you add them all up together
you get the sum of all the da’s, (which is the sime
thing as the whole of 2). The word * integral * simply
means “the whole.” If you think of the duration
of time for one hour, you may (if you like) think of
it as cut up into 3600 little bits called scconds. The
whole of the 8600 littlo bits added up together make
one hour.

When you see an expression that begins with this
terrifying symbol, you will henceforth know that it
is put there merely to give yov instructions that you
are now to perform the operation (if you can) of
totalling up all the Tittle bits that are indicated by
the symbols that follow.

That's all.
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